The stability properties for low-frequency flute perturbations in a relativistic nonneutral electron beam are investigated within the framework of the Vlasov-Maxwell equations. It is assumed that V/yb << 1, where V is Budker's parameter and ybmc2 is the characteristic electron energy. The analysis is carried out for the rigidrotor equilibrium distribution function in which all electrons have the same value of energy in a frame rotating with angular velocity Wb and the same value of axial canonical momentum. Strong instability is found for azimuthally symmetric perturbations (/8 = 0) with radial mode number n = 2 and rotational frequency wb = 0.5 Owcb where Wb is the electron cyclotron frequency. However, the instability can be easily stabilized by slightly detuning the rotational frequency from the value wb = 0.5 wcb*
the results of this paper can also be applied to the transverse instability 8 ' 9 for an intense ion beam in a quadrupole magnetic field, which is particularly important in heavy-ion fusion applications.
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The analysis is carried out within the framework of the VlasovMaxwell equations for an infinitely long electron beam propagating parallel to a uniform niagnetic field B z through a cylindrical 0OCz conducting waveguide with radius Rc (Fig. 1) . It is assumed that in a frame rotating with angular velocity %, and the same value of axial canonical momentum.
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Equilibrium properties are discussed in Sec. II, and the linearized Vlasov-Maxwell equations are investigated in Sec. III.
Stability properties for low-frequency perturbations characterized by
IRbI << ic are investigated in Sec. IV, including the important influence of electron thermal Larmor radius effects on stability behavior. Here w is the complex eigenfrequency, k is ,the azimuthal harmonic number, and Rb is the beam radius. The analysis is carried out within the framework of the linearized Vlasov-Maxwell equations for a relativistic electron beam propagating parallel to a uniform axial magnetic field, assuming that all perturbed quantities are independent of axial coordinate (3/3z=O). The stability results in Sec. IV can be directly applied to the electron beam experiment at the University of Maryland.
As an important generalization of the stability analysis developed in this paper, in Sec. V we investigate the influence of beam rotation on the transverse instability ', for an intense ion beam in a quadrupole magnetic field, making use of the results obtained in Sec. IV. The transverse instability in an intense ion beam, originates from the influence of equilibrium self fields, and is particularly important
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in heavy-ion fusion applications. Theoretical and experimental studies of this instability are currently being conducted at various [9] [10] [11] [12] [13] [14] locations.
In order to make the analysis tractable, we assume that the influence of the quadrupole field can be represented (approximately)
by an effective axial vector potential as shown in previous analyses. 8 
II. EQUILIBRIUM PROPERTIES
The equilibrium configuration ( Fig. 1) consists of a relativistic nonneutral electron beam propagating parallel to a uniform applied magnetic field B z. Cylindrical polar coordinates (r,O,z) are used, with z-axis along the axis of symmetry. The mean motion of the electron beam is in the axial and azimuthal directions, and the applied magnetic field provides radial confinement of the electrons. In equilibrium (3/3t=O), the beam is assumed to be azimuthally symmetric (3/3e=O), infinitely long,
and axially uniform (/3 z=O).
The number of electrons per unit axial length (Nb) is defined by
00
where n (r) is the equilibrium density profile, and Rb is the characteristic beam radius. To make the analysis tractable, it is also assumed that
-b mc 2 yb where v is Budker's parameter, c is the speed of light in vacuo, ybmc 2 is the characteristic electron energy, -e and m are the electron charge and rest mass, respectively. Equation (2) is equivalent to the paraxial approximation.
In this paper, we investigate the equilibrium and stability properties for a steady-state (/3t=O) beam distribution of the form f 0 (H,PP T2bm S(H-wb P-Yc2)6(P Yb mbc) ,
where the total energy, 2 4 2 2 1/2 H=(m c + ) -e0(r 4
the canonical angular momentum,
and the axial canonical momentum,
are the three single-particle constants of the motion in the equilibrium fields. In Eqs. 
where the electron density is defined by Consistent with Eq. (2), the r-6 kinetic energy is assumed to be small in comparison with the rest mass energy. After some straightforward algebra, it follows that H-wb P6 can be approximated by
where p, and "b are defined by 2 2 2 p=pr p6 -ybmwbr) , (12)
In Eq. (13),
b cb denotes the fast (+) and slow (-) laminar rotation frequencies, SeB / bmc is the electron cyclotron frequency, and w 2 b47re / cb 0b pb= %/bm is the electron plasma frequency-squared.
Substituting Eqs.'(3) and (11) into Eq. (8), we find nb(r)T (r)=27r dptp f dp z 2 ybm fb (19) 0 where T,(r) is the transverse temperature profile. Defining
and substituting Eq. (3) into Eq. (19) gives
for 0 < r < Rb. In Eq. 
Yb'cb which relates the rotational frequency wb to the Larmor radius rL'
The two signs (t) again represent fast (+) and slow (-) rotational equilibria.
In order for the equilibrium to exist, the Larmor radius rL in Eq. 
Ybwcb which is plotted in Fig. 2 . Figure 3 shows a plot of rotation frequency w where E (x)=-(3/3r)$ (r)8 is the equilibrium self-electric field, B (x)= Boz+B s (r)k is the total equilibrium magnetic field, 6E(;,t) and 6B ( ,t) are the perturbed electric and magnetic fields, and(&r A gz)are cylindrical polar unit vectors. We substitute 6E(x,t)= (x)exp(-iwt) and 6B( ,t)=B()exp(-iwt) on the right-hand side of Eq. (25), and integrate from t'=--to t'=t, using the method of characteristics and assuming Imw > 0. Neglecting initial perturbations, we find
where T-t'-t, 6fb 'Zt)i ('Ek)exp(-iwt), and the particle trajectories
x'(t') and v'(t t ) satisfy the "initial" conditions '(T=O)=x and V'(T=0)=V.
The Maxwell equations for the perturbed field amplitudes can be expressed as
and
respectively. Here v /[m(l+k 2 /m 2 c2)1/ 2 is the particle velocity.
In order to carry out the time integration in Eq. (26), it is useful to introduce the polar momentum variables (p±,$) in the rotating frame defined by
P Yb MWbx=Psin$ ,
Note also that the Cartesian coordinates (x,y) are related to the polar coordinates (r,6) by x=rcose, and y=rsin6.
In this context, the perpendicular electron trajectories can be expressed as3
where the frequencies w are defined in Eq. (14) . In order to make the stability analysis tractable, we assume 
A highly simplified nonrelativistic version of Eq. (38) was first obtained by Gluckstern, 8 making use of Kapchinsky-Vladimirsky distribution, 1 5 where the beam rotational frequency wb is assumed to be independent of the electron thermal Larmdr radius. However, for the rigid-rotor equilibrium distribution considered here, the rotational frequency wb is related to the thermal Larmor radius rL through the equilibrium constraint in Eq. (24),
and plays an important role in determining stability behavior. Carrying 2 out the integration over p. in Eq. (38), we obtain
b dp 2=2
where the Heaviside step function G( In the subsequent analysis, we refer to n as the radial mode number.
The stability properties for specific values of radial mode number n are investigated in the remainder of this section.
A. Surface Perturbations with n=0
As a reference case for the subsequent analysis, we first consider the case where n=0, i.e., *(r)=Ar 
where R is the radius of outer conductor (Fig. 1) .
The dispersion relation that determines the complex eigenfrequency w is obtained by multiplying Eq. (40) by r and integrating from Rb(le)
to Rb(l+c) with e-+0+. This gives the dispersion relation can be expressed as 
Yb-
Yb wbwb)
where Q(x) is Heaviside step function.
The eigenfunction (r) for n=1 and ZO0 can be expressed as 1+ai(r/Rb) 2 , < r < Rb'
where R is the radius of the conducting wall. Equation (54) In order to complete the stability analysis, it is necessary to express a in terms of the eigenfrequency w. After some straightforward algebra, we obtain That is, there is no instability for mode numbers (Z,n)=(l,l). However, the present stability analysis can be extended in a relatively straightforward manner to perturbations with azimuthal harmonic number I > 3.
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C. n=2 Body-Wave Perturbations
As a second example of body-wave perturbations, we consider the n=2 eigenfunction (r)=Ar[l+a 1 (r/R 2 +a2 (r/Rb 65)
for 0 < r < R 1 . In order to illustrate stability properties for n=2, 
Moreover, it is also found that 
which is similar in form to the result obtained by Gluckstern 
, and (76) that for specified value of thermal Larmor radius r L the stability behavior is identical for both fast (+) and slow (-)
The stability boundary in the parameter space (rL/Rb, Wpb /YWcb is determined from Eq.
(76). A numerical investigation of Eq. (76)
indicates that the stability boundary is almost identical to the equilibrium boundary given in Eq. (23) and Fig. 2 . In this regard, 2 2 2 we conclude that there is only a very narrow region of (r L/Rb, wpb/ybwcb) parameter space that corresponds to instability for perturbations with 2 (Z,n)-(0,2).
in particular, the equilibrium boundary 2(w pb/ b Wcb)
1-(2r /RP)
, which corresponds to b =0.5 wcb, exhibits instability.
It is instructive to investigate stability properties on the equilibrium boundary characterized by %b=0. 
which is the necessary and sufficient condition for instability for b=0.5 wcb* Figure 5 shows a plot of the normalized growth rate Imw/wc versus the effective beam luminosity a obtained from Eq. (75) for wb=0.5 Wcb
As shown in Eq. (78), we also note from Fig. 5 that instability exists only for a in the range 8 < a < m. The instability growth rate increases rapidly from zero (at a= 8 ) to its maximum value 0.076 wcb (at a=20) and then decreases slowly to zero as the effective beam luminosity is increased from 0=8 to infinity.
In this section, we have investigated stability properties of a In order to simplify the analysis, we consider ion motion in the average external magnetic field8 provided by periodic quadrupole magnets.
In this regard, the focussing for a associated with the applied quadrupole field can be determined from the axial component of the effective vector potential Aext (r)=-22m/2eb2 r2 z(Ybm/2eb)wfr,(9 where the oscillation frequency wf is related to the quadrupole field gradient, 8 and e and m are the ion charge and rest mass, respectively.
In a conventional particle accelerator, there is no applied axial magnetic field. However, to make the analysis in this section more general, we do allow for a nonzero axial magnetic field BO5z'
Making use of Eq. (79),-it is straightforward to express the three single-particle constants of motion in Eq. (3) as the energy
the canonical angular momentum Pe=(rp e+eB0r /2c) ,
and the axial canonical momentum
where A 0 (r) is the axial component of vector potential for the equilibrium azimuthal self-magnetic field. In the subsequent analysis, it is useful to note from Eqs. 
In Eq. (85), the laminar rotation frequency wb is defined by
Yb where w b=eBO /Ybmc is the ion cyclotron frequency.
Expressing the beam rotation frequency in terms of the transverse 2 2 temperature T1=YbmwcbrL/ 2 [Eq. (20)), we obtain
.
Yb Ybm%
For equilibrium to exist, the ion beam density is bounded by
One of the important features of Eq. (88) is that, for specified values of Wf and T,, the limiting beam density can be substantially increased by increasing the applied axial magnetic field. The reason is simply -that the axial magnetic field provides a radially confining force in addition to the quadrupole magnetic field.
According to the analysis in Sec. IV, the possibility of instability exists for azimuthally symmetric (k=O) perturbations with radial mode number n=2. For this particular mode, the dispersion relation is given 
